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We investigate the time evolution of the entanglement of assistance when one subsystem undergoes
the action of local noisy channels. A general factorization law is presented for the evolution equation
of entanglement of assistance. Our results demonstrate that the dynamics of the entanglement of
assistance is determined by the action of a noisy channel on the pure maximally entangled state,
in which the entanglement reduction turns out to be universal for all quantum states entering
the channel. This single quantity will make it easy to characterize the entanglement dynamics
of entanglement of assistance under unknown channels in the experimental process of producing
entangled states by assisted entanglement.
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I. INTRODUCTION
In quantum information, entanglement is a vital re-
source for quantum cryptography and quantum compu-
tation [1, 2]. More specially the distribution of bipartite
entanglement is a key ingredient for performing certain
quantum-information processing tasks such as telepor-
tation. Therefore, the creation and distribution of en-
tanglement is of central interest in quantum information
processing.
There is an alternative to producing bipartite entan-
glement by reducing a multipartite entangled state to an
entangled state with fewer parties (e.g. bipartite) via
measurements on the other parties. Such producing of
entanglement, called “assisted entanglement”, is a spe-
cial case of the localizable entanglement [3], which is es-
pecially important for quantum communication, where
quantum repeaters are needed to establish bipartite en-
tanglement over a long length scale [4]. The entangle-
ment in this produced entangled state is quantified by
the entanglement of assistance (EOA) which is defined
in Refs. [5, 6].
However, in the transition and store of quantum entan-
gled state, we inevitably encounter some interactions of
the multipartite quantum state under consideration with
its environment. For example, in an experimental prepa-
ration of entanglement for a quantum information pro-
cessing task, suppose a supplier of entanglement, named
“Charlie”, creates entanglement between two distant par-
ties, Alice and Bob, by the assisted entanglement. Sup-
pose also that Charlie starts with a pure tri-qudit en-
tangled state such as the Greenberger-Horne-Zeilinger
(GHZ) state [7] and sends, via quantum channels, two of
the three qudits to Alice and Bob. Due to the environ-
mental interaction, the quantum channels generally make
the pure tripartite entangled state degrade to a mixed tri-
partite entangled state. These undesired couplings give
rise to decoherence, which may decrease the entangle-
ment in the created state when the particles propagate.
Therefore, it is of great practical importance to investi-
gate the dynamics of entanglement of assistance for the
quantum system under the influence of decoherence.
Recently, the entanglement evolution has been stud-
ied extensively for bipartite system under the influence
of local decoherence. In stead of deducing the evolution
of entanglement from the time evolution of the state a
direct relationship between the initial and final entangle-
ment of a bipartite state has been explored in e.g., Refs.
[8–10]. In this paper, we study the time evolution of
EOA when one subsystem undergoes the action of an ar-
bitrary noisy channel. Our results demonstrate that the
dynamics of EOA is determined by the action of chan-
nel on the bipartite pure maximally entangled state. In
particular, for a 2× 2× n3 pure quantum state with one
qubit subsystem being subject to a quantum channel, we
get a general factorization law for the evolution equation
of EOA, i.e., the EOA of the final state can be expressed
as the product of the initial EOA multiplied by the en-
tanglement reduction of maximally entangled state after
the process of the quantum channel’s action. The latter
quantity is universal for all initial states passing through
this channel. We take generalized amplitude damping
and phase damping channels as examples, and find that
the sudden death of EOA exists in the evolution and is
only determined by the entanglement evolution equation
of the maximally entangled state entering this channel.
Moreover, for the other cases with one subsystem under-
going the action of an arbitrary noisy channel, a similar
relation is satisfied, with a sacrifice that the equality is
replaced by an inequality.
This paper is organized as follows: We start by intro-
ducing a definition of EOA and further study the dy-
namics of EOA for 2× 2×n3 systems with a qubit being
subject to a noisy channel. In Sec. III, the evolution
equation of EOA is investigated for a general d× d× n3
state with a local operation on the second subsystem. We
apply the evolution equation to some cases and discuss
the result in Sec. IV. Finally, in Sec. V, we conclude
with a summary of our results.
2II. EVOLUTION EQUATION OF EOA FOR
2× 2× n3 SYSTEMS
A 2-qubit entangled state is the basic unit of quantum
information. An important application of assisted en-
tanglement is to create a 2-qubit entangled state from a
2× 2×n3 entangled state. Therefore, we firstly consider
a pure 2×2×n3 state shared by three parties referred to
as Alice, Bob and Charlie. Charlie’s aim is to maximize
the entanglement of the state between Alice and Bob by
performing a local operation on his system and communi-
cating the result to Alice and Bob. For 2⊗2 systems, we
take concurrence to quantify the entanglement and EOA
then reduce to the concurrence of assistance [11, 12]. For
a pure 2 × 2 × n3 state |ψ〉ABC , the EOA is defined as
follows:
Ea(|ψ〉ABC)≡Ea(ρAB)≡max
∑
i
piC(|φi〉AB), (1)
where ρAB = TrC
(|ψ〉ABC〈ψ|), and C(|φi〉AB) is the
concurrence defined in Ref. [13]. The maximum runs
over all possible pure-state decompositions of ρAB =
TrC [|ψ〉ABC〈ψ|] =
∑
i pi|φi〉AB〈φi|. Equation (1) quan-
tifies the maximum average entanglement that Charlie
can create between Alice and Bob because any pure-state
decompositions of ρAB can be realized by a generalized
measurement performed by Charlie (for more details see
[14, 15]). Thomas Laustsen et al. [11] have given an
analytical expression for EOA,
Ea
(|ψ〉ABC)=Tr√√ρAB ρ˜AB√ρAB=∑
i
λi, (2)
where ρ˜AB = σy ⊗ σyρ∗ABσy ⊗ σy with σy Pauli matrix,
and λi are the square roots of the eigenvalues of ρAB ρ˜AB.
In a similar way, for a mixed tripartite state ρABC , the
EOA is defined as the maximum achievable average con-
currence shared by Alice and Bob after Charlie’s assis-
tance, depends on ρABC and thus not solely on ρAB.
Suppose |ψ〉ABC be the tripartite pure initial state,
and the second subsystem undergo the action of a noisy
channel. We will denote the noisy channel by S and take
the positive-operator valued measure (POVM) measure-
ments to describe the channel S thereafter. Then the
final state of the system takes the form ρ′ = (1 ⊗ E ⊗
1)|ψ〉ABC〈ψ|, which is usually mixed. In general, the
EOA is difficult to solve for mixed states. For this state
ρ′ with one qubit having gone through a noisy channel,
we have an analytical expression of EOA as shown in the
following:
Theorem 1 For a pure 2 × 2 × n3 state |ψ〉ABC , the
second subsystem of which is undergoing the action of
the channel E, the EOC of the final state ρ′ takes the
form as the following equation:
Ea
[
(1⊗ E ⊗ 1)|ψ〉ABC
]
= Ea
[|ψ〉ABC]C[(1⊗ E)|φ+〉〈φ+|]
= Ea
(
ρAB)C[(1⊗ E)|φ+〉〈φ+|
]
, (3)
where |φ+〉 is the bipartite maximally entangled state,
|φ+〉 = 1/√2(|00〉+ |11〉).
Proof: Suppose the channel E is denoted by the
Kraus operators {Kj} with
∑
j K
†
jKj = 1. For the
tripartite pure state |ψ〉ABC , there must be a set of
optimal measurement {Mi} for Charlie, such that the
EOA Ea
[|ψ〉ABC〈ψ|] = ∑i piC(|ψi〉) with the opti-
mal pure-state decomposition |ψi〉〈ψ| = TrC
[
(1 ⊗ 1 ⊗
⊗Mi)|ψ〉ABC〈ψ|(1 ⊗ 1 ⊗ M †i )
]
/pi, and pi = Tr
[
(1 ⊗
Mi)|ψ〉ABC〈ψ|(1 ⊗ M †i )
]
. Considering the final state
ρ′ =
∑
j(1 ⊗ Kj ⊗ 1)|ψ〉ABC〈ψ|(1 ⊗ K†j ⊗ 1), Charlie
can also take the local measurement {Mi} and corre-
spondingly obtains the states shared by Alice and Bob,
ρ′i = TrC
[∑
j(1⊗Kj⊗Mi)|ψ〉ABC〈ψ|(1⊗K†j⊗M †i )
]
/p′i =∑
j(1⊗Kj)|ψi〉〈ψi|(1⊗K†j )/p′i, and p′i = Tr
[∑
j(1⊗Kj⊗
Mi)|ψ〉ABC〈ψ|(1⊗K†j ⊗M †i )
]
= pi. Therefore, in virtue
of the definition of EOA for mixed states, the EOA sat-
isfies [16]
Ea(ρ
′) ≥
∑
i
piC
[
(1⊗ E)|ψi〉
]
=
∑
i
piC(|ψi〉)C
[
(1⊗ E)|φ+〉〈φ+|]
= Ea(|ψ〉ABC)C
[
(1⊗ E)|φ+〉〈φ+|], (4)
where |φ+〉 is the 2-qubit maximally entangled state.
We next prove the reverse inequality also holds. We
first assume that there is a set of optimal measurement
{M ′′i } for Charlie such that
Ea(ρ
′) =
∑
i
p′′i C(ρ
′′
i ), (5)
where p′′i = Tr
[∑
j(1 ⊗ Kj ⊗M ′′i )|ψ〉ABC〈ψ|(1 ⊗ K†j ⊗
M ′′†i )
]
, and
ρ′′i
=
TrC
∑
j(1⊗Kj ⊗M ′′i )|ψ〉ABC〈ψ|(1⊗K†j ⊗M ′′†i )
p′′i
=
∑
j
(1⊗Kj)τ ′′i (1⊗K†j ). (6)
Here τ ′′i = TrC((1⊗1⊗M ′′i )|ψ〉ABC〈ψ|(1⊗1⊗M ′′†i ))/p′′i .
In terms of the results in Ref. [8], the inequality C((1⊗
E)ρ) ≤ C(ρ)C((1 ⊗ E)|φ+〉) holds for a 2-qubit mixed
state ρ. We thus have
Ea(ρ
′) =
∑
i
p′′i C(ρ
′′
i )
=
∑
i
p′′i C((1⊗ E)τ ′′i )
≤ C((1⊗ E)|φ+〉〈φ+|)
∑
i
p′′i C(τ
′′
i ). (7)
3Due to ρAB = TrC
(|ψ〉ABC〈ψ|) =∑i p′′i τ ′′i and the con-
cavity of EOA for pure states, the following equation
holds,
Ea(|ψ〉ABC) ≥
∑
i
p′′i C(τ
′′
i ). (8)
Accordingly, we have
Ea(ρ
′) ≤ C((1⊗ E)|φ+〉〈φ+|)
∑
i
p′′i C(τ
′′
i )
≤ Ea(|ψ〉ABC)C((1⊗ E)|φ+〉〈φ+|). (9)
Therefore, in terms of Eqs. (4) and (9), we obtain the
equation,
Ea
[
(1⊗ E ⊗ 1)|ψ〉ABC
]
= Ea
(|ψ〉ABC)C[(1⊗ E)|φ+〉〈φ+|] (10)
The EOA reduction, with a one-sided noisy channel
operating on Alice or Bob subsystem, is independent of
the initial state |ψ〉ABC and completely determined by
the channels action on the 2-qubit maximally entangled
state. Thus, if we know the dynamics of the Bell states
entanglement under a one-sided noisy channel, we then
know the time evolution of EOA for any pure 2× 2× n3
initial states.
The result (3) can also be generalized for a mixed 2×
2× n3 initial state ρ0.
Corollary 2 For a mixed 2×2×n3 initial state ρ0, with
a one-sided noisy channel operating on Bob subsystem,
we obtain its evolution equation of EOA,
Ea((1⊗ E ⊗ 1)ρ0)
≤ Ea(ρ0)C[(1⊗ E)|φ+〉〈φ+|
]
. (11)
This corollary is proved as follows. Suppose there ex-
ists a set of optimal measurements for Charlie to create
the state between Alice and Bob, {qi, τi}, such that the
EOA for the state ρ0 satisfies the equation Ea(ρ0) =∑
i qiC(τi). After the channel operates on the initial
state, we assume that there is another set of optimal
measurements for Charlie so that Ea((1 ⊗ E ⊗ 1)ρ0) =∑
i q
′
iC((1⊗E)τ ′i). Due to
∑
i qiτi = TrC(ρ0) = TrC [(1⊗
E ⊗ 1)ρ0] =
∑
i q
′
iτ
′
i , both {qi, τi} and {q′i, τ ′i} can be re-
alized by the Charlie’s measurements no matter whether
the local quantum channel operates on the initial state.
Therefore, we can prove Ea((1⊗E⊗1)ρ0) =
∑
i q
′
iC((1⊗
E)τ ′i ) ≤ C[(1 ⊗ E)|φ+〉〈φ+|]
∑
i q
′
iC(τ
′
i ) ≤ C[(1 ⊗
E)|φ+〉〈φ+|]∑i qiC(τi) = Ea(ρ0)C[(1 ⊗ E)|φ+〉〈φ+|] by
virtue of the concavity of EOA and the result, C[(1 ⊗
E)ρ] ≤ C(ρ)C[(1⊗E)|φ+〉〈φ+|] with ρ a 2-qubit state [8].
This inequality (11) holds for all one-sided channels
E . However, assisted entanglement to prepare the en-
tanglement between distant parties sometimes needs to
consider the case of two one-sided channels. In fact, the
theorem 1 has an immediate generalization for two one-
sided channels.
Corollary 3 For a two one-sided channel E1×E2 acting
on Alice and Bob subsystem of a 2 × 2 × n3 state, the
evolution equation of EOA leads to an inequality, which
provides an upper bound,
Ea((E1 × E2 × 1)ρ0)
≤ Ea(ρ0)C[(1⊗ E2)|φ+〉〈φ+|]C[(E1 ⊗ 1)|φ+〉〈φ+|].(12)
Due to E1 × E2 × 1 = (1⊗ E2 × 1)(E1 × 1× 1), we can
prove this corollary easily by virtue of the corollary 2.
Although (11) and (12) are not equalities, the evolu-
tion equation of EOA (3) and these upper bounds (11,12)
are only concerned with the quantity, the entanglement
of the final state evolved from a 2-qubit maximally entan-
gled state with the channel’s action on it. Hence, these
results will ease the experimental characterization of en-
tanglement dynamics of EOA under unknown channels in
a preparation of 2-qubit state by assisted entanglement.
We, instead of exploring the time-dependent action of the
channel on all initial states, only need to investigate the
entanglement evolution of the maximally entangled state
alone.
The assisted entanglement can also produce a general
bipartite entangled state besides 2-qubit states. More-
over, bipartite states with higher dimension can improve
the performance of various quantum information and
computation tasks. Hence, it is necessary to explore the
dynamics of EOA for the characterization of the pro-
duced entanglement produced by assisted entanglement
when the state is coupled to its environment. In the fol-
lowing section, we explore how EOA evolves for a d×d×n3
state with local noisy channels operation on it.
III. EVOLUTION EQUATION OF EOA FOR
d× d× n3 SYSTEMS
First, we need to define EOA for a d × d × n3 state.
For the consistency with the definition of EOA, we define
entanglement of assistance in terms of the entanglement
measure I-concurrence [17, 18]:
Ea(|ψ〉ABC) ≡ max
∑
i
piC(|φi〉AB)
= max
∑
i
pi
√∑
mn
|〈φ∗i |Smn|φi〉|2, (13)
which is maximized over all possible pure-state decom-
positions of ρAB = TrC [|ψ〉ABC〈ψ|] =
∑
i pi|φi〉AB〈φi|.
where Smn = Lm ⊗ Ln, Lm,m = 1, ..., d(d − 1)/2,
Ln, n = 1, ..., d(d − 1)/2 are the generators of group
SO(d). In the same way, EOA, for a mixed tripartite
state ρABC , is defined as the maximum achievable aver-
age I-concurrence shared by Alice and Bob after Charlie
has performed a local operation and communicated the
result to Alice and Bob.
For a general ρABC with Bob’s system undergoing the
action of a noisy channel E , the final state takes the form
4ρ′ABC = (1⊗E⊗1)ρABC . Correspondingly, the evolution
equation of EOA is obtained as the following theorem.
Theorem 4 The EOA of the final state ρ′ABC satisfies
the equation,
Ea
[
(1⊗ E ⊗ 1)ρABC
]
≤ d
2
Ea(ρABC)C[(1⊗ E)|χ+〉〈χ+|
]
(14)
where |χ+〉 is a d× d maximally entangled state, |χ+〉 =∑d−1
i=0 |i〉 ⊗ |i〉/
√
d.
Proof: In order to prove (14), we need the result in
Ref. [10]. For a d × d bipartite state ρ with its sec-
ond subsystem going through a noisy channel E , we have
C
[
(1⊗ E)ρ] ≤ d2C(ρ)C[(1⊗ E)|χ+〉〈χ+|].
We first assume that there is a set of optimal measure-
ment {Mi} for Charlie such that
Ea[(1⊗ E ⊗ 1)ρABC
]
=
∑
i
piC(ρi), (15)
where pi = Tr
[∑
j(1 ⊗Kj ⊗Mi)ρABC(1 ⊗K†j ⊗M †i )
]
,
and
ρi =
TrC
∑
j(1⊗Kj ⊗Mi)ρABC(1⊗K†j ⊗M †i )
pi
=
∑
j
(1⊗Kj)τi(1⊗K†j ). (16)
Here τi = TrC((1⊗1⊗Mi)ρABC(1⊗1⊗M †i ))/pi. There-
fore, we have
Ea
[
(1⊗ E ⊗ 1)ρABC
]
=
∑
i
piC((1⊗ E)τi)
≤ d
2
C[(1⊗ E)|χ+〉〈χ+|]∑
i
piC(τi)
≤ d
2
C[(1⊗ E)|χ+〉〈χ+|]Ea(ρABC). (17)
Here the last inequality is obtained by the concavity of
EOA. From the above analysis, we have proved the the-
orem.
Remark. In particular, if the initial state is a d×2×n3
pure state, we will obtain an evolution equation of
EOA for such a state, Ea((1 ⊗ E ⊗ 1)|φ〉ABC〈φ|) =
Ea(|φ〉ABC)C[(1⊗E)|φ+〉〈φ+|
]
. By the aid of the follow-
ing equation [10], C[(1⊗E)|ψ〉AB〈ψ|] = C(|ψ〉AB)C[(1⊗
E)|φ+〉〈φ+|] with |ψ〉AB a pure n1 × 2 state, the evolu-
tion equation is then proved in a way similar to that of
Theorem 1. If we consider a one-sided channel E which
operates on the third subsystem, we get an lower bound
for the EOA of the final state, Ea
[
(1 ⊗ 1 ⊗ E)ρABC
] ≥
C(ρAB), where ρAB = TrCρABC . We can also general-
ize the Theorem 2 to the case of two one-sided channel
E1 ⊗ E2, whose result is similar to (14).
Similarly, the dynamics of EOA for a general d×d×n3
state, which goes through a local one-sided noisy chan-
nel, is determined by the channel’s action on the bipar-
tite maximally entangled state |χ+〉=∑d−1i=0 |i〉 ⊗ |i〉/√d.
Therefore, it allows one to understand, without resorting
to the channel’s action on all initial states, the dynamics
of EOA under some local quantum channels for an ar-
bitrary initial state, if one knows the time evolution of
entanglement for the bipartite maximally entangled state
under such quantum channels.
IV. EXAMPLES AND DISCUSSION
Let us consider several examples. Suppose E is a
phase damping channel, such that E(ρ) = M0ρM †0 +
M1ρM
†
1 with M0 =
(
1 0
0 ν
)
,M1 =
(
0 0
0 ω
)
, where the
time-dependent parameters ν = exp[−Γt] and ω =√
1− ν2. For a generalized GHZ state |ψg〉ABC=α|000〉+√
1− |α|2|111〉, we can get Ea
[
(1⊗E⊗1)|ψg〉ABC〈ψg|
]
=
C[(1⊗E)|φ+〉〈φ+|]Ea(|ψg〉ABC) = 2exp[−Γt]α
√
1− |α2|
in terms of Eq. (3). Next we suppose the quan-
tum channel is a generalized amplitude damping chan-
nel, EGAD, describing the effect of dissipation to an
environment at finite temperature. The channel usu-
ally adopts the form as: K0 =
√
p
(
1 0
0 ν
)
,K1 =√
p
(
0 ω
0 0
)
,K2 =
√
1− p( ν 00 1 ),K3 = √1− p( 0 0ω 0 ).
Without loss of generality, we set p = 12 , then ob-
tain Ea
[
(1 ⊗ EGAD ⊗ 1)|ψg〉ABC〈ψg|
]
= C2((EGAD ⊗
1)|φ+〉〈φ+|)Ea(|ψg〉ABC) = |α|
√
1− |α|2(exp[−2Γt] +
2exp[−Γt] − 1). From the above equation, we can find
there is a sudden death of EOA for this damping chan-
nel, similar to the sudden death of entanglement [19–21].
Just like the sudden death of entanglement cannot appear
for any channel [19], the sudden death of EOA does not
exist for some channels. As shown in Fig. 1, the dashed
line, the evolution of Ea
[
(1⊗E ⊗1)|ψg〉ABC〈ψg|
]
with E
a phase damping channel, indicates Ea does not die sud-
FIG. 1: The decay of Ea
[
(1⊗E⊗1)|ψg〉ABC〈ψg|
]
vs Γt, where
Γ is a generalized amplitude decay rate. The dashed line and
solid line are the decay of EOA for phase damping channel
and generalized amplitude damping channel respectively with
α = 1
2
. Note that in solid line a sudden death of EOA appears
but in dashed line it does not.
5denly but asymptotically. However, for the generalized
amplitude damping channel, the EOA does go abruptly
to zero in a finite time and remain zero thereafter. From
the above analysis, we can find, under the local quantum
channel’s action, whether the sudden death of EOA ap-
pears depends only on the channel’s action on maximally
entangled states.
The inequality C2a(ρAB) + C
2
a(ρAC) − C2(|ψ〉A−BC) =
C2(|ψ〉A−BC) − C2(ρAB) − C2(ρAC) ≥ 0 holds [12].
First, we denote the quantity by τ(ρABC), τ(ρABC) =
C2a(ρ(AB)) + C
2
a(ρ(AC)) − C2(ρA−BC), which is just
the three-tangle [22] if ρABC is pure. We consider a
case that a mixed state ρ can be rewritten as ρ =∑
(Ki ⊗ 1 ⊗ 1)|ψ〉ABC〈ψ|(K†i ⊗ 1 ⊗ 1) with {Ki} rep-
resenting the operation of a quantum channel E , i.e.
an output state evolved from the initial state |ψ〉ABC
of which the first subsystem goes through a quantum
channel E . Then, according to the Theorem 1 and the
result in Ref. [10], we obtain the following equations,
τ((E ⊗ 1 ⊗ 1)|ψ〉ABC〈ψ|) = C2a(ρ(AB)) + C2a(ρ(AC)) −
C2(ρA−BC) = C
2((E⊗1)|φ+〉〈φ+|)[C2a(ρAB)+C2a(ρAC)−
C2(|ψ〉A−BC)] = C2((E ⊗ 1)|φ+〉〈φ+|)τ(|ψ〉ABC ) ≥ 0.
Up to now, however, no references provide a proof
whether or not the inequality C2a(ρ(AB))+C
2
a (ρ(AC))−
C2(ρA−BC) ≥ 0 is always satisfied for a general mixed
3-qubit state ρABC . Although we only prove the quan-
tity τ is greater than or equal to zero for such a mixed
3-qubit state, we are willing to conjecture that it is still
valid for any mixed 3-qubit states.
V. SUMMARY
In summary, we have investigated the time evolution of
EOA when one subsystem undergoes the action of an ar-
bitrary noisy channel. In particular, for a 2×2×n3 pure
quantum state with the qubit subsystem being subject to
a noisy channel, we get a general factorization law for evo-
lution equation of EOA. Furthermore, for the other cases
with one subsystem undergoing the action of local quan-
tum channels, a similar relation is satisfied, at a price of
turning the factorization law into an inequality. We use
generalized amplitude damping and phase damping chan-
nels as examples and find that the sudden death of EOA
does exist in the evolution and is only determined by the
entanglement evolution equation of the maximally entan-
gled state entering this channel. As a result, in order to
characterize the dynamics of EOA, we, instead of explor-
ing the time-dependent action of the channel on all initial
states, only need to investigate the entanglement evolu-
tion of the maximally entangled state, which is universal
for all initial states passing through this channel. Hence,
these results will ease the experimental characterization
of entanglement dynamics of EOA under unknown chan-
nels in an experimental preparation of a bipartite state
by assisted entanglement.
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